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The nonperturbatuve analytical calculations in quantum field theory are presented. On the first
step the Nielsen - Olesen flux tube in the SU(2) Yang - Mills - Higgs theory dressed by color electric
Eaρ,ϕ and magnetic H
a
ρ,ϕ fields is derived. On the next step it is shown that this flux tube can be
considered as a pure nonperturbative quantum object in the SU(3) gauge theory.
I. INTRODUCTION
The confinement problem in quantum chromodynamics is a manifestation of problems in the quantum field theory
with strong interactions. Let us compare this situation with the situation in the classical field theory. If a classical
theory is linear we know the answer for any question: for example, in classical electrodynamics without currents and
charges any solution is the superposition of simple harmonic waves. If such theory is nonlinear we have big problems
: for example, in Yang -Mills theory we have not any general algorithm for taking solutions and in this case the
solutions like instantons, monopoles are big success by the research. This situation becomes deeper in quantum field
theory: we can calculate everything in QED but the interaction between quark and antiquark is unresolved problem
for us. The reason is that an algebra of quantized strongly interacting fields is much more complicated and richer the
algebra of linear fields.
The complexity of confinement problem lies in the fact that it is very difficult to derive a tube filled with the
color longitudinal electric field Eaz . In a dual theories such tubes filled with Hz exist: it is well known the Nielsen
- Olesen flux tube in U(1) gauge theory interacting with Higgs scalar field [1] and BPS flux tubes, see for example
[2]. It is clear also why the flux tube can not be obtained by perturbative technique in quantum field theory: on the
perturbative consideration level any quantized field distribution is a cloud of quanta. It is obvious that such field
configuration as the flux tube can not be the cloud of particles moving with the speed of light. It allows us to say
that the quantum field theory with strongly interacting fields strongly differs from the theories with a small coupling
constant. Therefore the problem of confinement is obvious : we have to quantize not a set of oscillators but a field
distribution as the whole. Probably such quantization procedure is similar to the art: just as in the classical theory
- finding such solutions as black holes, monopoles, instantons and so on is the art of researcher. In both cases we do
not have any procedure (algorithm) for taking classical/quantum field distributions describing one or another physical
situation.
In section II we will consider a cylindrically symmetric solution in the SU(2) Yang - Mills - Higgs theory with
broken gauge symmetry. The derived solution is the Nielsen - Olesen flux tube dressed with color electric Eρ,ϕ and
magnetic Hρ,ϕ fields. In section III we present arguments that this dressed flux tube is a pure quantum object in the
SU(3) gauge theory.
II. DRESSED FLUX TUBE
In this paper we assume that in the SU(2) gauge theory exists such quantum phenomenon as gauge symmetry
breakdown. At present this phenomenon can not be calculated on the nonperturbative level and we only suppose that
it takes place. Then the field equations with mass term which breaks the gauge symmetry are
DνF aµν = gǫabcφbDµφc +m2(a)Aaµ, (1)
DµDµφa = −λφa
(
φbφb − φ2
∞
)
(2)
where F aµν = ∂µA
a
ν − ∂νAaµ + gǫabcAbµAcν ; Aaµ is the SU(2) gauge potential; a, b, c = 1, 2, 3 are color indices; µ, ν are
Lorentz indices; φa is the Higgs field; g, λ some constants; m(a) is the gauge breaking mass term, in the next section
we will discuss how it can erase in the SU(3) quantum theory.
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2The solution we search in the following form
A1t = f(ρ) , A
1
z = v(ρ) , A
3
ϕ = w(ρ) , φ
2 = φ(ρ) (3)
where ρ, z, ϕ are the cylindrical coordinates. The substitution in (1), (2) equations gives us
f ′′ +
f ′
x
= f
(
φ2 +
w2
x2
−m2
)
, (4)
v′′ +
v′
x
= v
(
φ2 +
w2
x2
−m2
)
, (5)
w′′ − w
′
x
= w
(−f2 + v2 + φ2) , (6)
φ′′ +
φ′
x
= φ
(
−f2 + v2 + w
2
x2
)
+ λφ
(
φ2 − 1) (7)
here we have introduced the dimensionless coordinate x = ρφ∞; redefined f/φ∞ → f , v/φ∞ → v, w/φ∞ → w,
φ/φ∞ → φ and m(1) = m(2) = m,m(3) = 0. We will search the solution in the simplest form f = v. Then we have
the following splitted equations set
−
(
f ′′ +
f ′
x
)
+ fVeff = −
(
1−m2) f, (8)
Veff = φ
2 +
w2
x2
− 1 (9)
and
w′′ − w
′
x
= wφ2, (10)
φ′′ +
φ′
x
= φw2 + λφ
(
φ2 − 1) . (11)
We have very interesting equations set: the first equation (8) is the Schro¨dinger equation with the potential Veff (9)
and ”wave function“ f(x), the second (10) and third (11) equations describe the well known Nielsen - Olesen flux
tube filled with H2z color magnetic field. The solution for Nielsen - Olesen flux tube is presented on Fig.1 (functions
w(x) and φ(x)).
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FIG. 1: The functions f(x), w(x) and φ(x).
This solution has the following behavior at the center of tube
w(x) = 2 + ax2 + · · · , (12)
φ(x) = bx2 + · · · (13)
3with a ≈ −0.19527, b ≈ 0.15400139, λ = 0.25 [5] and m ≈ 0.9402. At the infinity
w(x) ≈ w0
√
xe−x, (14)
φ(x) ≈ 1− φ0 e
−x
√
x
(15)
here w0 and φ0 are some constants. This solution gives us the potential for the Schro¨dinger equation (8) presented
on the Fig. 2. Immediately we see that the potential has a minimum and consequently the corresponding equation
(8) can have a discrete energy spectrum with appropriate wave functions. The numerical investigation is presented
on Fig. 1 (“wave function” f(x)) and the corresponding “energy level” is 1−m2 ≈ 0.9402.
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FIG. 2: The potential Veff (x).
Thus we have derived the gauge potentials f(x), w(x) and φ(x) presented on Fig.1 and color electric and magnetic
fields shown on Fig’s.3,6. We see that it is the Nielsen - Olesen flux tube filled with the longitudinal H2z magnetic
field and dressed with the radial E1ρ , H
1
ρ and azimuthal E
3
ϕ, H
3
ϕ fields:
E3ϕ = F
3
tϕ = = fw, (16)
E1ρ = F
1
tρ = −f ′, (17)
H1ϕ = ǫϕzρF
1zρ = −ρf ′, (18)
H3ρ = ǫρzϕF
3zϕ = −1
ρ
fw (19)
H2z =
1
ρ
w′. (20)
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FIG. 3: The electric E1ρ, E
3
φ fields.
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FIG. 4: The magnetic H1ρ ,H
3
φ, H
2
z fields.
4The linear energy density ε(ρ) for this tube is
2ε(ρ) = f ′
2
+ v′
2
+
w′
2
x2
+ φ′
2
+
f2w2
ρ2
+ f2φ2 +
v2w2
ρ2
+
w2φ2
ρ2
+
λ
2
(
φ2 − φ2
∞
)2
+
(
f2 + v2
)
m2
(21)
and it is presented on Fig.5.
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FIG. 5: The energy density ε(x).
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FIG. 6: The flux tube filled with the longitudinal magnetic H2z
and dressed with color electric Eaρ,ϕ and magnetic H
a
ρ,ϕ fields.
III. QUANTUM INTERPRETATION
In this section we would like to present certain arguments that the derived above dressed flux tube can be considered
as a pure quantum object in the SU(3) quantum theory on the nonperturbative level in the first approximation.
One can suppose that in QCD there are two different degrees of freedom [3], [4]: the first are nonperturbative and
the second perturbative degrees of freedom. For us is interesting here only nonperturbative degrees of freedom. In
Ref’s [3], [4] it was supposed that they can be splitted on ordered and disordered phases:
1. The gauge field components Aaµ ∈ SU(2), a = 1, 2, 3 belonging to the small subgroup SU(2) ⊂ SU(3) are in an
ordered phase. It means that
〈
Aaµ(x)
〉
= (Aaµ(x))cl. (22)
The subscript means that this is the classical field. It is assumed that in the first approximation these degrees
of freedom are classical and is described by appropriate classical equations.
2. The gauge field components Amµ (m=4,5, ... , 8) and A
m
µ ∈ SU(3)/SU(2)) belonging to the coset SU(3)/SU(2)
are in a disordered phase (or in other words - a condensate), but have non-zero energy. It means that
〈
Amµ (x)
〉
= 0, but
〈
Amµ (x)A
n
ν (x)
〉 6= 0. (23)
These degrees of freedom are pure quantum degrees and are involved in the equations for the ordered phase as
an averaged field distribution of coset components.
In Ref.[4] was made the following assumptions and simplifications:
1. The correlation between coset components Amµ (y) and A
n
ν (x) in two points x
µ and yµ is
〈
Amµ (y)A
n
ν (x)
〉
= = −ηµνGmn(y, x) (24)
Gmn(y, x) = −1
3
fmpbfnpcφb(y)φc(x) (25)
where fabc is the structure constants of the SU(3) group.
52. There is not correlation between ordered (classical) and disordered (quantum) phases〈
f(aaµ)g(A
m
ν )
〉
= f(aaµ)
〈
g(Amµ )
〉
(26)
where f and g are arbitrary functions.
3. The 4-point Green’s function is
〈
Amα (x)A
n
β(y)A
p
µ(z)A
q
ν(u)
〉
=
(
Emnpq1,abcdηαβηµν + E
mpnq
2,abcdηαµηβν + E
mqnp
3,abcdηανηβµ
)
φa(x)φb(y)φc(z)φd(u) (27)
here Emnpq1,abcd, E
mpnq
2,abcd, E
mqnp
3,abcd are constants. The main idea proposed in Ref.[3] is that the initial SU(3) Lagrangian
LSU(3) = −
1
4
FAµνF
Aµν A = 1, 2, · · · 8. (28)
after above mentioned assumptions and simplifications can be reduced to the SU(2) Yang - Mills - Higgs Lagrangian
LSU(2) = −
1
4
F aµνF
aµν +
1
2
(
∂µφ
a − g
2
ǫabcAbµφ
c
)2
+
m2φ
2
(φaφa)− λ (φaφa)2 + g
2
2
abµφ
bacµφc. (29)
The first term F aµνF
aµν is the Lagrangian for the ordered phase Aaµ and the next terms are the Lagrangian for the
disordered phase (for the condensate). There is an additional gauge noninvariant term g
2
2 a
b
µφ
bacµφc. For the ansa¨tz
(3) the corresponding terms in field equations are zero and it is nonimportant for us.
The next remark concerns to the mass m(a). In during of derivation Lagrangian (29) it was assumed that there is
a mechanism of generating the mass term m2φφ
aφa for the disordered phase. By the same way one can suppose that
an identical mechanism works for the ordered phase Aaµ
m2(a)AaµA
aµ = m2(1)AaµA
aµ +m2(2)AaµA
aµ +m2(3)AaµA
aµ. (30)
This term will appear in Lagrangian (29) and in field equations (1), additionally we suppose that m(1) = m(2) = m
and m(3) = 0. Therefore we see that above presented dressed flux tube is a pure quantum flux tube in SU(3) quantum
theory.
IV. CONCUSIONS
In this paper we have found the flux tube solution in the SU(2) Yang - Mills - Higgs theory with broken gauge
symmetry: it is the Nielsen - Olesen flux tube dressed with the radial and azimuthal color electric and magnetic fields.
It was shown that this dressed flux tube can be considered as the tube on the nonperturbative level in quantum SU(3)
gauge theory.
It is necessary to note that this tube solution exists only in the presence of gauge symmetry breakdown: m(1, 2) 6= 0
and mφ 6= 0. It means that there is very close relation between confinement and symmetry breaking phenomena:
they are tied in a tight knot. Currently there are different mechanism for generating mass term: the condensation
of ghost fields [6], the Coleman - Weinberg mechanism [7], the nonperturbative symmetry breaking mechanism [8].
Nevertheless it is not clear how can these mechanisms applicable in the situation presented here. One can say that
this problem is not simpler confinement problem and is the task for the future nonperturbative investigations.
Another interesting feature is that the dressed tube exists only by certain values of massm. Probably it is connected
with the fact that in full SU(3) quantum theory the mass m will be explicitly calculated that gives us the mass m.
In our situation the presented here value m2 ≈ 0.9402 is an approximation to a precise value.
We have to note that the presented here the nonperturbative technique strongly differs from perturbative calcu-
lations based on Feynman diagrams. Following to Heisenberg [9] the nonperturbative calculations in quantum field
theory are based on an infinite equations set which connect all Green’s functions. In fact the initial equations (1), (2)
are some approximations to this infinite equations set. Our approximation with the ordered and disordered phases
allows us to reduce the infinite equations set to the finite field equations (1), (2). The Heisenberg quantization idea is
similar to a turbulence theory where all quantities (velocities, pressure and so on) are correlated at different points.
These correlators (Green’s functions for quantum field theory) are nor zero for t = const (in contrast to propagators
in quantum field theory). By the same way in quantum field theory with strong interactions Green’s functions will
be nonzero at one moment
〈
Q
∣∣Aaµ(t, ~x)Abµ(t, ~y)∣∣Q〉 6= 0 in contrast with the case of linear fields where the propagator
is zero for one moment. It means that in linear quantum theories (or in theories with weak interactions) the inter-
action is carried by quanta but in quantum field theory with strong interaction (like to turbulence) can exist a field
distributions where the field magnitudes at the different points and at one moment are correlated.
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